Using the third-order WKB approximation and monodromy methods, we investigate the influence of Lorentz violating coefficient b (associated with a special axial-vector bµ field ) on Dirac quasinormal modes in the Schwarzschild black hole spacetime. At fundamental overtone, the real part decreases linearly as the parameter b increases. But the variation of the imaginary part with b becomes more complex. For the larger multiple moment k, the magnitude of imaginary part increases with the increase of b, which means that presence of Lorentz violation makes Dirac field damps more rapidly.
I. INTRODUCTION
Since Lorentz invariance was discovered, it has been great of importance in many fields of the fundamental physics, such as the Einstein's special relativity theory, particle physics and high energy physics. However, the recent development of unified gauge theories and the observation of high energy cosmic rays [1] [2] [3] imply that Lorentz symmetry is only an approximate symmetry of nature and may be spontaneously broken in the more fundamental physics defined in a higher scale of energy. Obviously, the existence of Lorentz violation will make a great influence on the fundamental physics and lead to many subjects need to be reconsidered. Therefore, a great deal of effort has been attracted to study Lorentz violation in the different fields [4] - [22] .
One of interesting theory models with Lorentz violation is the Standard Model Extension [8] [9] [10] . It offers a consistent theoretical framework which includes the standard model and allows for small violations of Lorentz and CPT symmetry. This small spontaneous breaking of Lorentz symmetry maybe arise from the presence of nonzero vacuum expectation values for Lorentz tensors defined in an underlying theory. A straightforward method of implementing Lorentz violation in the curve spacetime is to imagine the existence of a tensor field with a non-vanishing expectation value and couple this tensor to gravity or matter fields. In gravitational theories, vierbein formalism is used widely because it can build a link between the covariant components T µν··· of a tensor field in a coordinate basis and the corresponding covariant components T ab··· of the tensor field in a local Lorentz frame. The link can be described by T µν··· = e Adopting vierbein formalism, the fermion partial action S ψ in Standard Model Extension can be explicitly expressed as 
and
The first terms of Eqs. (2) and (3) (1) is hermitian. In generally, they are functions of position. The two terms involving the couplings a µ and b µ are CPT odd, which have been extensively studied in connection with Lorentz-and CPT-violating probing experiments including comparative studies of cyclotron frequencies of trapped-atoms [17] , clock comparison tests [18] , spectroscopic comparison of hydrogen and antihydrogen [19] , analysis of muon anomalous magnetic moment [20] , study of macroscopic samples of spin-polarized solids [21] , and so on.
On the other hand, black hole is another interesting object in the modern fundamental physics. It is believed widely that the study of black hole may lead to a deeper understanding of the relationship among the general relative theory, quantum mechanics, thermodynamics and statistics. This means that black hole physics play an important role in the fundamental physics. However, at present whether black holes exist in our universe or not is still unclear. A recent investigation shows that quasinormal modes can provide a direct way to identify black hole existence in our universe because that they carry the characteristic information of black holes [23] [24] . Moreover, it is also found that quasinormal modes have a close connection with the AdS/CFT correspondence [25] [26] [27] and the loop quantum gravity [28] [29] . Thus, the study of quasinormal modes in black hole spacetimes has become appealing in recent years [30] - [44] .
Since both Lorentz violation and the quasinormal modes are hot topics in physics at present, it is natural to raise a question whether Lorentz violation affects the quasinormal modes of black holes. From the action (1),
we can obtain that due to presence of Lorentz violating coefficients Dirac equation must be modified and then The organization of this paper is as follows. In Sec.II, we derive the equation of massless Dirac field coupled with the special axial vector field b µ in the Schwarzschild black hole spacetime. In Sec.III, we evaluate the fundamental overtones quasinormal frequencies of the Dirac perturbational field by using the third-order WKB approximation [45] [46] [47] . In Sec.IV, we adopt the monodromy technique [48] [49] and study the high-damped quasinormal frequencies. The last section is devoted to a summary.
II. THE DIRAC EQUATION WITH LORENTZ VIOLATION ASSOCIATED WITH AN AXIAL-VECTOR bµ FIELD
According to the variation of ψ in the action (1), we find that the massless Dirac equation only containing the CPT and Lorentz covariance breaking kinetic term associated with an axial-vector b µ field in the curve spacetime can be expressed as
where
Since the Lorentz violation is very small, it is reasonable for us to assume that the axial-vector b µ field does not change the background metric. For convenience, we take b µ as a non-zero timelike vector ( b r 2 , 0, 0, 0), where b is a constant. In the Schwarzschild spacetime, the vierbein can be defined as
2 Φ and substituting Eq. (6) into Eq.(4), the Dirac equation (4) can be simplified
If we define a tortoise coordinate
and the ansatz
with
we find that the case for (+) and (−) in the functions F ± and G ± can be put together and Eq. (7) can be rewritten as
It is very easy to find the decoupled equations for variables F and G can be expressed as
where W = (12)- (14) give the results of general Dirac fields in the Schwarzschild black hole spacetime [37] . Moreover, it is well known that the potentials V 1 and V 2 possess the same spectra of quasinormal frequencies because that they are supersymmetric partners derived from the same superpotential W . In the following, we therefore just make use of Eq.(12) to evaluate the Dirac quasinormal frequencies and write V 1 as V .
III. THE FUNDAMENTAL DIRAC QUASINORMAL MODES WITH LORENTZ VIOLATING COEFFICIENT bµ
In order to study the relationship between quasinormal frequencies and the coefficient b, we can take M = 1. From this figure we can find that as b increases, the peak value of the potential barrier gets lower and the location of the peak (r = r p ) moves along the right. Let us now evaluate the fundamental quasinormal frequencies for the massless Dirac field with Lorentz violations by using the third-order WKB potential approximation, a numerical method devised by Schutz, Will and Iyer [45] [46] [47] . Due to its considerable accuracy for lower-lying modes, this method has been used extensively in evaluating quasinormal frequencies of various black holes. In this approximate method, the formula for the complex quasinormal frequencies ω is
, n is overtone number.
Substituting the effective potential V into the formula above, we can obtain the quasinormal frequencies for the Dirac fields with Lorentz violations. The fundament modes frequencies for k = 1 ∼ 5 are list in the Table 1 .
From Fig.2 , we find that for fixed k the real part almost decrease linearly with the increase with b. Moreover, Fig. 3 tells us that the relationship between the magnitude of the imaginary parts and b is more complex. For larger k, we find that they increase as b increases, which means that presence of Lorentz violation makes Dirac oscillation damps more rapidly. 
IV. THE HIGH-DAMPED DIRAC QUASINORMAL MODES WITH LORENTZ VIOLATING COEFFICIENT bµ
Motivated by Hod conjecture [28] , a great deal of effort has been devoted to the study of the high-damped quasinormal modes in the different black hole spacetimes because that Hod's conjecture suggests that there maybe exist a connection between the high-damped quasinormal frequencies and quantum gravity. In this section, we adopt to the monodromy method [48] [49] and investigate the high-damped Dirac quasinormal modes with Lorentz violations in the Schwarzschild black hole spacetime. Our purpose is to probe whether Lorentz violations affects Hod conjecture. As in Ref. [48] , after selecting the contour L as shown in Fig.4 , we can calculate the global monodromy around the contour L. In the neighborhood of the event horizon r = 2M , the effective potential V and the solution of Eq.(12) can be approximated as
Since the only singularity of φ(r) or e −iωz inside the contour occurs at the point r = 2M . After a full clockwise round trip, φ(r) acquires a phase e Moreover, we find that the behaviors of the tortoise coordinate r * and of the effective potential V in Eq. (12) near the singular point r = 0 are
. As in Ref. [48] , according to the local monodromy around the singular point r = 2M , we find that the monodromy around the contour L must multiply the coefficient of e −iωz by a factor −(1 + 2 cos πj).
Comparing the local and global monodromy, we can obtain directly the high-damped quasinormal frequencies formula for Dirac fields with Lorentz violations in the Schwarzschild black hole spacetime e π ω+
Where κ is the surface gravity constant of the event horizon of the black hole. Comparing with mass M of black hole, parameter b is very small, thus the term (19) can be neglected. The frequency formula for high-damped quasinormal modes can be further simplified as
where T H is the Hawking temperature of Schwarzschild black hole. It is obvious that Lorentz violating coefficient b affects the high-damped Dirac quasinormal frequencies.
In the higher dimensional (D > 4, D is the dimensions of spacetime ) Schwarzschild black hole spacetime, the axial vector field can be taken as D-component form (
). Similarly, we find that in this case the behaviors of the tortoise coordinate r * and of the effective potential V near the singular point r = 0 are
Repeating above operations, we can obtain that the high-damped Dirac quasinormal frequencies in the D dimensional Schwarzschild black hole spacetime satisfy
It is shown that the asymptotic frequency formula of Dirac quasinormal modes can be also affected by the coefficient b of Lorentz violation in the D dimensional Schwarzschild black hole spacetime. When b → 0, we find that the real parts of high-damped Dirac quasinormal frequencies in both cases become zero, which agrees with the result of Dirac field without Lorentz violations [43] [44] . According to Hod's idea [50] , one can obtain that classical ringing frequencies with an asymptotically vanishing real part correspond to virtual quanta and the corresponding Dirac transitions in Lorentz invariance are quantum mechanically forbidden. However, from the formulas (20) and (22), we find that Dirac quantum transition is allowable in the Lorentz violation Frame.
It implies that the emergence of Lorentz violation may change the quantum property of Dirac field.
V. SUMMARY
Adopting the third-order WKB approximation and monodromy methods, we investigated the quasinormal modes of Dirac fields with Lorentz violating term associated with a special axial-vector b µ in the Schwarzschild black hole spacetime. We find that the coefficient b of Lorentz violation affects Dirac quasionrmal frequencies.
At fundamental overtone, the real part decreases linearly as the parameter b increases. But the variation of the imaginary part with b becomes more complex. For the larger multiple moment k, the magnitude of imaginary part increases with the increase of b, which means that presence of Lorentz violation makes Dirac field damps more rapidly. Since the imaginary part of quasinormal frequencies for large multiple number k can be well approximated as [36] 
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